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Abstract – The fundamental insight into Brownian motion by Einstein is that all substances ex-
hibit continual fluctuations due to thermal agitation balancing with the frictional resistance. How-
ever, even at thermal equilibrium, biological activity can give rise to non-equilibrium fluctuations
that cause “active diffusion” in living cells. Because of the non-stationary and non-equilibrium
nature of such fluctuations, mean square displacement analysis, relevant only to a steady state
ensemble, may not be the most suitable choice as it depends on the choice of the ensemble; hence,
a new analytical method for describing active diffusion is desired. Here we discuss the stochas-
tic energetics of a thermally fluctuating single active diffusion trajectory driven by non-thermal
random forces. Heat dissipation, usually difficult to measure, can be estimated from the active
diffusion trajectory; guidelines on the analysis such as criteria for the time resolution and driving
force intensity are shown by a statistical test. This leads to the concept of an “instantaneous
diffusion coefficient” connected to heat dissipation that may be used to analyse the activity and
molecular transport mechanisms of living systems.
Introduction. – Einstein’s development of the the-
ory of Brownian motion enabled advances such as the
enumeration of Avogadro’s number through mean square
displacement (MSD) analysis of diffusive micro parti-
cles in equilibrium [1, 2] and has been generalized to
the fluctuation-dissipation relation (FDR) in statistical
physics [3].
However, many macromolecules in biological systems
can exert their functions out of equilibrium by using exter-
nal free energy from suppliers such as ATP molecules and
dissipating heat to the environment; such behaviour obvi-
ously violates the FDR and has been exposed by microrhe-
ology studies of both living cells [4–6] and in vitro cy-
toskeletal networks [7,8]. ATP-dependent non-equilibrium
fluctuations violating the FDR cause active diffusion in
living cells even at thermal equilibrium [9, 10]. Under-
standing the energetics of non-equilibrium steady states
enables the measurement of the extent of such violations in
terms of the energy dissipation rate [11–14] and the veloc-
ity FDRs [15]. The activities of molecular machines such
as motors can also affect the transport of molecules within
a system. Some molecular motors can carry cargoes such
as vesicles or nanoparticles and move processively along a
filament, as occurs in the case of myosin working on an
actin filament and kinesin on a microtubule. Occasion-
ally, a “tug-of-war” between motors [16, 17], in which a
single cargo is carried by two or more types of motors and
changes either direction or tracks [18] (e.g. microtubule
to actin), is also observed. This situation can also be de-
scribed as active diffusion, as cargoes are driven by both
stochastically applied forces (non-thermal fluctuations ap-
plied by the motors) and thermal fluctuations (see fig. 1).
Recent single molecule measurements have provided in-
sights into the mechanisms of molecular machines, both
in vitro [19–22] and in vivo [23, 24]. It remains difficult,
however, to directly measure the force or work exerted by
individual motors within a cell, especially when multiple
motors work on single cargoes; although the motion of a
single molecule or nano-particle can be tracked, the num-
ber of samples that can be extracted is typically very lim-
ited and the motion measured may reflect the local cellular
environment. Thus, when we routinely take an ensemble
average over a set of trajectories, most of the information
on in vivo machine behaviour may be lost. Thus, it would
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Fig. 1: Schematic illustration of the energetics of an ac-
tive diffusive particle. Under such fluctuations, dissipative
heat ∆Qn balances with the work ∆Wn done on the sys-
tem [25]. As it is usually experimentally difficult to mea-
sure the non-thermal force driving the particle in active dif-
fusion, it is correspondingly nearly impossible to measure the
work balance with the dissipative heat. However, the value
∆Q˜n = γ(∆xn)
2/∆t−2kBT , which can be estimated from the
diffusion trajectory {xn}, can be regarded to be approximate
dissipative heat.
be useful to develop a methodology for extracting infor-
mation from single trajectories; accordingly, we propose in
this study a new method of measuring the heat dissipation
of a single active diffusion trajectory.
Active diffusion model. – We can use an over-
damped Langevin system with a non-thermal and non-
conservative random force fˆ(t) to model active diffusion
in living cells:
γx˙(t) = fˆ(t) +
√
2γkBT ξˆ(t), (1)
where γ is the friction constant, kB is the Boltzmann con-
stant, T is the temperature of the environment, and ξˆ(t)
is Gaussian white noise satisfying 〈ξˆ(t)ξˆ(s)〉 = δ(t−s). 〈·〉
denotes the ensemble average. We assume that fˆ(t) is an
arbitrary stochastic process to express active driving force
from the non-thermal environment and has a certain value
in the time interval [t, t+ δt), in which the time resolution
δt makes the Langevin equation well-defined. For simplic-
ity, diffusion is assumed here to occur in one-dimensional
space, although it would be easy to extend the analysis
to d-dimension (d = 2 or 3). More generally, a potential
force −dU(x)/dx should be added in eq. (1); however, the
Langevin equation can be effectively reduced to the same
form as this equation for a periodic potential under certain
conditions [26].
At a time resolution ∆t and a discrete time tn ≡ n∆t,
an experimentally observed diffusion trajectory is repre-
sentable by a discrete data set {xn ≡ x(tn)}. Here, we
introduce a Wiener process [25, 27], B(t), instead of the
noise ξˆ(t) to integrate eq. (1). Then, ξn ≡ (B(tn+1) −
B(tn))/
√
∆t is the Gaussian random variable satisfying
〈ξn〉 = 0 and 〈ξnξm〉 = δnm from the definition of the
Wiener process. The corresponding discrete Langevin
equation can then be obtained by integrating eq. (1) from
tn to tn+1:
γ∆xn = fn∆t+
√
2γkBT∆t ξn, (2)
where ∆xn ≡ xn+1 − xn. We assume that fn is a random
variable representing a random force in the time interval
[tn, tn + ∆t). Note that the difference between the ap-
proximate xn of eq. (2) and the true x(t) of eq. (1) is
O(∆t1/2) [25], and that numerical calculations are done
by using of eq. (2), called the Euler scheme [27], because
of the independence of fn from the position xn.
Dissipative heat. – Thermodynamic variables such
as work and heat in the fluctuating world can be described
using stochastic energetics [25]. The energy dissipated by
a system to the environment during time interval [tn, tn+1)
can be expressed as
∆Qn ≡
(
γ
∆xn
∆t
−
√
2γkBT
∆t
ξn
)
◦∆xn, (3)
where ◦ denotes Stratonovich multiplication. This dissi-
pated energy can be defined as the dissipative heat of the
system, and because there is no potential force in eq. (1),
this dissipative heat balances with the work done to the
system by the random force fn during the time interval
[tn, tn+1):
∆Qn = ∆Wn ≡ fn ◦∆xn. (4)
As fn is a non-conservative force (i.e. it does not depend
on xn), Stratonovich multiplication ◦ is equivalent to usual
multiplication in all of the formulation that follows. Com-
bining eqs. (2)-(4), we obtain the energy balance relation:
∆Wn = ∆Qn = ∆Q˜n + 2kBT (1− ξ2n)−
√
2kBT∆t
γ
fnξn,
(5)
where
∆Q˜n ≡ γ(∆xn)
2
∆t
− 2kBT. (6)
Note that the work and the dissipative heat can be deter-
mined only when all of the information on xn and fn are
known; however, as the random force fn cannot usually
be observed, we can instead estimate the quantity ∆Q˜n
using only the observed diffusion trajectory {xn}. Equa-
tion (6) implies that ∆Q˜n equals the excess energy left
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∆Q~n  [kBT]
(a)
q0ε0
mean: 8a2c
-2
ε0ε0
p(∆Q~n(a=0))
p(∆Q~n(a=ac))
p(∆Qn(a=ac))
 0
a
(b)
ac
ε0 = ε(ac)
ε(a) = Pr{∆Q~n(for a>0) ≤ q0ε0})
Fig. 2: Statistical test of ∆Q˜n. (a) Distributions of ∆Q˜n for
a = 0, a = ac, and ∆Qn for a = ac. For a fixed signifi-
cance level ε0, the relation among the filled regions and q
0
ε0
is:
Pr{∆Q˜n(a = 0) > q
0
ε0
} = Pr{∆Q˜n(a = ac) ≤ q
0
ε0
} = ε0. ∆Qn
and ∆Q˜n have the same mean value 8a
2. (b) The function
ε(a), which corresponds to the probability that ∆Q˜n for a > 0
is less than q0
ε0
, is a decreasing function of a (see Appendix).
The value ac satisfies ε(ac) = ε0.
over in subtracting the average energy dissipation in equi-
librium 2kBT from the energy generated by the motion
γ(∆xn)
2/∆t. Here ∆Qn 6= ∆Q˜n; nevertheless, given the
ergodicity of ξn, 〈ξ2n〉 = lim
N→∞
1
N
N−1∑
n=0
ξ2n = 1, and the inde-
pendence between the random variables {ξn} and {fn}, we
see that lim
N→∞
1
N
N−1∑
n=0
fnξn =
(
lim
N→∞
1
N
N−1∑
n=0
fn
)
〈ξn〉 =
0, and thus the energy dissipation rates calculated from
the long-time averages of both ∆Qn and ∆Q˜n are equiv-
alent: lim
N→∞
1
N∆t
N−1∑
n=0
∆Qn = lim
N→∞
1
N∆t
N−1∑
n=0
∆Q˜n.
Statistical test. – As shown in eqs. (5) and (6), the
energy dissipation values ∆Qn and ∆Q˜n are fluctuating
quantities. To better understand their distributions, we
can use the following non-dimensional parameter for a ran-
dom force fn = f applied to the system at tn:
a =
√
f2∆t
8γkBT
.
Using the random variable ξn, the dissipation values can
be written as
∆Qn = 4a(ξn + 2a) and ∆Q˜n = 2(ξn + 2a)
2 − 2
in kBT energy units. Because they have the same mean
value 8a2, 〈∆Qn〉 = 〈∆Q˜n〉 = 8a2 for any a ≥ 0, and
thus both share the same average behaviour. However,
∆Q˜n has larger fluctuations owing to its larger standard
deviation ∆Q˜n = 8
√
a2 + 1/8 , as compared to 4a for
∆Qn. Moreover, the relative fluctuation of this differ-
ence decreases as a function of a:
√
〈(∆Q˜n −∆Qn)2〉
〈∆Qn〉 =
1
2a
√
1 +
1
2a2
.
As mentioned above, the value ∆Q˜n, but not ∆Qn, can
be evaluated from observations of a diffusion trajectory
{xn}; correspondingly, our primary result is that we can
statistically distinguish the distribution of ∆Q˜n for a > 0,
where the system is driven by an active random force,
from that for the equilibrium condition a = 0. This is
derived from the following statistical consideration: The
pink, green and dotted curves in fig. 2(a) show the prob-
ability densities of ∆Q˜n for a = 0, ∆Q˜n for a = ac and
∆Qn for a = ac, respectively. Since the distribution of
∆Q˜n for a = 0 is uniquely determined, for a fixed signifi-
cance level ε0, the value q
0
ε0 satisfying Pr{∆Q˜n(a = 0) >
q0ε0} = ε0 is also uniquely determined. This probability
corresponds to the pink filled region in fig. 2(a). For these
ε0 and q
0
ε0 , let us define a function ε(a) as the probability
Pr{∆Q˜n(for a > 0) ≤ q0ε0}. Then, ε(a) is explicitly writ-
ten as eq. (A.2) (see Appendix), and is a decreasing func-
tion of a (see fig. 2(b)). Therefore there exists a unique
ac such that ε(ac) = Pr{∆Q˜n(a = ac) ≤ q0ε0} = ε0, and
the inequality q0ε0 < qε0(a) holds for a > ac, where the
value qε0(a) satisfies Pr{∆Q˜n(a > 0) ≤ qε0(a)} = ε0. In
other words, the upper confidence bound q0ε0 of ∆Q˜n for
a = 0 is smaller than the lower bound qε0(a) for a > ac.
The green filled region, which stands for the probability
Pr{∆Q˜n(a = ac) ≤ q0ε0}, represents the false negative rate
at which active diffusion (a = ac) is misjudged to be in
equilibrium (a = 0), while the pink filled region denotes
the false positive rate at which equilibrium fluctuations
are misjudged to be active fluctuations in fig. 2(a). For
example, this numerical calculation results in ac = 1.803
at the significance level ε0 = 0.05 (see Table A1).
The above statistical consideration provides criteria for
the time resolution and driving force, namely:
∆t >
8γkBT
f2
a2c and |f | >
√
8γkBT
∆t
ac,
respectively. The former implies the existence of the lower
bound of ∆t with which one can statistically distinguish
active fluctuations from thermal equilibrium fluctuations
for a known driving force, and the latter vice versa.
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Fig. 3: Numerical trajectories of external random force, active diffusion, dissipative heats, the difference between ∆Q˜n and
∆Qn, and instantaneous diffusion coefficient for the parameters γ = 10
−8 kg/s, T = 300K and ∆t = 5ms. The equilibrium
diffusion coefficient becomes Deq = kBT/γ ≃ 0.414 µm
2/s.
Numerical demonstration. – Figure 3 shows nu-
merical trajectories for a random force {fn} from which a
diffusion trajectory {xn} is obtained using eq. (2). Given
external random forces {fn}, the trajectory {xn} is cal-
culated by using the integral Langevin equation (2) for
γ = 10−8 kg/s, T = 300K and ∆t = 5ms. Behaviours of
both ∆Q˜n and ∆Qn are almost same with the fluctuat-
ing difference ∆Q˜n −∆Qn = 2(ξ2n − 1) + 8aξn, where the
value a is also a random variable
√
f2n∆t/(8γkBT ) and the
mean value 〈∆Q˜n−∆Qn〉 becomes zero. At a significance
level of ε0 = 0.05, the condition a > ac for distinguishing
the distributions between ∆Q˜n for a = 0 and a > 0 can be
transformed into |fn| & 0.424 pN. For a system driven by
random force satisfying this condition, ∆Q˜n can be dis-
tinguished from the dissipative heat generated by thermal
fluctuations.
Discussion. – A physical interpretation of the value
of {∆Q˜n} is that it represents the measurable dissipative
heat trajectory of a diffusion trajectory {xn}. The for-
mulation of ∆Q˜n developed here represents an alterna-
tive to MSD analysis. If we rewrite eq. (6) as ∆Q˜n =
2γ
[
(∆xn)
2
2∆t
− kBT
γ
]
= 2γ [DI(tn)−Deq], then, because
of the Einstein relation [3], in which kBT/γ is equivalent
to the diffusion coefficient Deq for the thermal equilibrium
Langevin equation (1) for fˆ(t) = 0, the instantaneous dif-
fusion coefficient:
DI(tn) ≡ (∆xn)
2
2∆t
will be an energetically well-defined physical quantity. Al-
though this definition is trivial in the context of station-
ary diffusion described by the diffusion equation [1], in
which the relation Deq = 〈DI(tn)〉 is satisfied, it is note-
worthy that the instantaneous diffusion coefficient devel-
oped here captures the essential characteristics of active
diffusion even within a non-stationary active environment
at an appropriate time resolution ∆t: The instantaneous
diffusion coefficient is agitated when the system is driven
by active force; in thermal equilibrium, on the other hand,
it fluctuates around the equilibrium diffusion coefficient
Deq; the calculations of DI(tn) are independent of the en-
semble of diffusion trajectories. Because of this, we can
use the instantaneous diffusion coefficient DI(tn) to in-
p-4
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vestigate single active diffusion trajectories such as those
occurring in the molecular transport mechanisms of liv-
ing systems: When the instantaneous diffusion coefficient
drifts upward from that for thermal fluctuations, the probe
particle would be driven by certain active force; for exam-
ple, in a non-equilibrium gel consisting of myosin II, actin
filaments, and cross-linkers [8], the source of the active
force is motor activity using ATP.
Note that diffusion “trajectories” in this paper does not
correspond to the definition of “state” in the Jarzynski
and Crooks non-equilibrium work relations [28–30].
In this study, we demonstrated that it is possible to ex-
tract physical quantities such as dissipative heat and the
related instantaneous diffusion coefficient from individual
active diffusion trajectories. Our approach differs from
that of the pioneering works in non-equilibrium steady
state energetics [11–14] for measuring mechanical system
responses; based on our work, it is now possible to esti-
mate dissipative heat, without measuring mechanical re-
sponses, simply by tracking a single diffusion trajectory.
As living cells change their internal environments in com-
plicated ways with consuming energy and dissipating heat
throughout the cell cycle and in response to the external
environment, it will be interesting to use the instantaneous
diffusion coefficient to quantify these adaptive changes. In
addition, by using this method it should be possible to de-
termine the number of active motors attached to individ-
ual cargoes and to analyse their methods of cooperation.
Appendix: Detailed estimation of statistical dis-
tinction between dissipative heat under thermal
equilibrium and active fluctuation. – Because the
random variable ξn has a Gaussian distribution with mean
0 and variance 1,
G(x) = Pr{ξn ≤ x} =
∫ x
−∞
g(y) dy,
where
g(y) =
1√
2pi
e−y
2/2,
the distribution of ∆Q˜n can then be calculated as follows:
Pr{∆Q˜n ≤ x} = Pr{2(ξn + 2a)2 − 2 ≤ x}
= Pr
{
−
√
x
2
+ 1 ≤ ξn + 2a ≤
√
x
2
+ 1
}
= G(h(x) − 2a)−G(−h(x) − 2a),
where
h(x) =
√
x
2
+ 1.
Here, we define the statistical distinction of ∆Q˜n for a = 0
and a > 0 as the following inequality at a significance level
0 < ∀ε0 < 1:
q0ε0 < qε0(a), (A.1)
where the values q0ε0 and qε0(a) satisfy
Pr{∆Q˜n(a = 0) ≤ q0ε0} = G(h(q0ε0))−G(−h(q0ε0 )) = 1−ε0
Table A1: Numerically calculated values of ac and q
0
ε0
for some
significance levels ε0.
ε0 q
0
ε0 [kBT ] ac
0.10 3.4110 1.463
0.05 5.6829 1.803
0.01 11.2697 2.451
and
Pr{∆Q˜n(a > 0) ≤ qε0(a)}
= G(h(qε0(a)) − 2a)−G(−h(qε0(a))− 2a) = ε0,
respectively. Note that the value q0ε0 is a constant for a
fixed ε0. The probability that ∆Q˜n for a > 0 is less than
q0ε0 depends on a and can be expressed as
ε(a) = G(−2a+ h0)−G(−2a− h0), (A.2)
where h0 = h(q
0
ε0). We can then show that the proba-
bility ε(a) monotonically decreases for a > 0, that is, the
derivation ε′(a) is negative, as follows:
dε(a)
da
= −2 {g(−2a+ h0)− g(−2a− h0)}
= −
√
8
pi
e−(4a
2+h2
0
)/2 sinh(2h0a) < 0
for a > 0. This inequality implies that there exists a
unique ac > 0 such that ε(ac) = ε0 and q
0
ε0 = qε0(ac) for a
fixed 0 < ∀ε0 < 1, and therefore the inequality (A.1) holds
for a > ac. Based on this, we can statistically distinguish
between the heat ∆Q˜n of a state in thermal equilibrium
(a = 0) from that in a state driven by active fluctuations
for a > ac. Table A1 shows numerically calculated values
of ac and q
0
ε0 for some significance levels ε0.
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